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In this paper a reﬁned higher-order global-local theory is presented to analyze the laminated plates coupled bending and
extension under thermo-mechanical loading. The in-plane displacement ﬁelds are composed of a third-order polynomial of
global coordinate z in the thickness direction and 1,2–3 order power series of local coordinate fk in the thickness direction
of each layer, which is identical to the 1,2–3 global-local higher-order theory by Li and Liu [Li, X.Y., Liu, D., 1997. Gen-
eralized laminate theories based on double superposition hypothesis. Int. J. Numer. Methods Eng. 40, 1197–1212] More-
over, a second-order polynomial of global coordinate z in the thickness direction is chosen as transverse displacement ﬁeld.
The transverse shear stresses can satisfy continuity at interfaces, and the number of unknowns does not depend on the
layer numbers of the laminate.
Based on this theory, a quadrilateral laminated plate element satisfying the requirement of C1 continuity is presented.
By solving both bending and thermal expansion problems of laminates, it can be found that the present reﬁned theory is
very accurate and obviously superior to the existing 1,2–3 global-local higher-order theory. The most attractive feature of
this theory is that the transverse shear stresses can be accurately predicted from direct use of constitutive equations without
any post-processing method. It is also shown that the present quadrilateral element possesses higher accuracy.
 2006 Elsevier Ltd. All rights reserved.
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The prediction of interlaminar stresses is drawing a considerable amount of attention because they are the
predominant cause of failure of composite and sandwich plates subjected to severe thermo-mechanical load-
ing. Therefore it is necessary to develop appropriate models for accurately predicting the responses of these
laminated structures. Among the available approaches, classical laminated plate theory, ﬁrst order shear0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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3188 W. Zhen, C. Wanji / International Journal of Solids and Structures 44 (2007) 3187–3217deformation theory and global higher-order theory have been employed to predict thermo-mechanical behav-
ior of laminated plates (e.g. Yang et al., 1966; Nemrovskii, 1972; Whitney and Sun, 1973; Lo et al., 1977;
Reddy, 1984; He, 1995; Locke, 1997; Rohwer et al., 2001). However, these theories violate the transverse shear
stress continuity conditions at the interfaces, which will make the error exacerbate when transverse shear mod-
uli variations are large from layer to layer. To obtain accurately interlaminar stresses, three dimensional equi-
librium equations are widely adopted (e.g. Matsunaga, 2004). The detailed discussion on this topic has been
almost covered by the review papers (Noor and Burton, 1989; Reddy and Robbins, 1994; Noor et al., 1996).
Compared to the equivalent single layer displacement models, layerwise displacement models are more
accurate, which were ﬁrst developed by Reddy (1987, 1989). Subsequently mixed layerwise models have been
also proposed (Toledano and Murakami, 1987). Recently, the mixed layerwise models based on the Reissner
mixed variational theorem (RMVT) (Carrera, 1998; Carrera and Demasi, 2002; Carrera and Ciuﬀreda, 2005)
have been developed, which assumed that the transverse stresses and displacement variables in each layer are
two independent ﬁelds. In particular, these mixed models a priori satisfy the interlaminar continuity for trans-
verse stresses. More mixed layerwise models can be found in review paper by Carrera (2001). It should be
shown that the layerwise models could predict accurately interlaminar stresses. However, these models are
computationally expensive for real structural analysis because the number of unknown variables depends
on the number of layers of the laminate. To overcome this limit, Di Sciuva (1986) proposed a linear zig-
zag model which can guarantee the continuity of transverse shear stresses. Moreover, the number of
unknowns in this model does not depend on the number of layers. Subsequently the cubic zig-zag models have
been developed by Di Sciuva (1992, 1995). Compared to the line zig-zag model, the cubic zig-zag model does
improve the transverse shear stresses. However, in the cubic zig-zag model the transverse shear stresses, which
obtained via the constitutive equations, are still less accurate in comparison with the three-dimensional elas-
ticity solutions. To accurately predict transverse shear stresses, Di Sciuva (1995) adopted the post-processing
approach of integration of equilibrium equation. Recently, Di Sciuva and Gherlone (2003a) proposed a third-
order Hermitian zig-zag model. Because the transverse shear stresses of external surfaces of the laminate are
used as unknown variables, this model is suitable for studying the laminated beams subjected to the distrib-
uted tangential loads on the external surfaces. Moreover, this model in conjunction with a sublaminate
approach was applied to study the interlayer slip problems of laminated beams (Di Sciuva and Gherlone,
2003b). In addition, Cho and Parmerter (1993) proposed a higher-order zig-zag model that can provide
through-the-thickness parabolic variation of transverse shear stresses. Moreover, this model is further devel-
oped to predict the deformation and stresses of thick smart composite plate under mechanical, thermal and
electric loads by Cho and Jinho (2003). On the other hand, Xioping and Liangxin (1994) also proposed a
zig-zag model to predict the response of composite plates under thermal loading. A higher-order zig-zag the-
ory considering transverse normal deformation is developed to predict the response of laminated plates and
beams under thermal loads by Kapuria et al. (2003) and Kapuria and Achary (2004) respectively. Numerical
solutions show that the above zig-zag models are able to accurately calculate in-plane stresses. However, in
order to accurately predict the transverse shear stress, the equilibrium equation method has to be adopted.
Cho and Kim (1997) have discussed in details the equilibrium equation approach. Moreover, they have con-
cluded that the constitutive equation approach is more attractive because the equilibrium equation approach
requires the higher order derivatives of transverse displacement that results in a numerical problem in practice.
In addition, Rolfes et al. (1998) and Noor and Malik (2000) have proposed various predictor–corrector meth-
ods to predict the thermal stresses of laminated plates. More research on laminated structures under thermal
loads may be found in following literatures (Tungikar and Rao, 1994; Bhaskar et al., 1996; Carrera and Ciu-
ﬀreda, 2004; Carrera, 2005). Thereinto, using classical and mixed zig-zag plate theories, Carrera (2005) has
drawn a conclusion that transverse normal strain cannot be neglected for thermal bending and expansion
problems but 1,2–3 global-local higher-order theory neglecting transverse normal strain may still predict accu-
rate response of laminates for thermal bending problems.
Recent research of Carrera and Kroplin (1997) and Lee and Lee (2003) has shown that for geometrically
nonlinear cases, it is diﬃcult to predict transverse shear stresses by direct integration of equilibrium equations.
Therefore, it is necessary to develop the laminated plate models that are capable of accurately calculating
transverse shear stresses from constitutive equations. An alternative global-local higher-order theory (so-
called 1,2–3 global-local higher-order theory) proposed by Li and Liu (1997) has the potential to accurately
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Moreover, the number of variables in this theory does not depend on layers of laminated plate. Based on this
higher-order theory, Sze et al. (1998) constructed three-node beam element and Chen and Chen (2000) con-
structed triangular plate elements. After these work, the 1,2–3 global-local higher-order theory cannot be
cared until Wu et al. (2005) and Wu and Chen (2006a) developed laminated plate elements based on this model
to predict response of laminated plates under the thermo-mechanical bending loads. Numerical cases show
that 1,2–3 global-local higher-order theory is very accurate for the bending problems of laminates when the
number of the layers of laminates is less than six. Subsequently, mth-order global-local theory (Wu and Chen,
2006b) has been proposed to predict the detailed response of multilayered plates. Moreover, the relations
between the order of the global component in global-local theory and the accuracy of solutions have been
studied. In fact, the constitutive equations of the available global-local higher-order theories are based on
the plane stress assumption. They only consider transverse shear deformation but discard transverse normal
deformation eﬀects. However, the transverse normal strain cannot be discarded in the thermoelastic problems
because the transverse normal deformation is equally important in comparison with those of in-plane defor-
mations (Ali et al., 1999; Cho and Jinho, 2003). By our previous work, it is also found that the available glo-
bal-local higher-order theories neglecting transverse normal strain will encounter diﬃculty to analyze the
thermal expansion problems of laminated plates under uniform temperature. Therefore, to predict reliable
deformation modes, the transverse normal deformation eﬀects should be considered. Base on these realiza-
tions, a reﬁned global-local higher-order theory is proposed, which is the extension of the 1,2–3 global-local
higher-order theory by including the explicit contribution of transverse normal deformation. Moreover, the
present model is eﬃcient in solving the problems of laminates because the number of unknowns in this model
does not depend on the number of layers. On the other hand, we aim at proposing an alternative laminated
plate element that is suitable for reﬁned global-local higher-order theory. Considering ﬁnite element imple-
mentation, it requires C1 continuity of transverse displacement at the element interfaces. The methodology
of the discrete thin plate quadrilateral element DKQ (Batoz and Tahar, 1982) has been employed to circum-
vent the requirement of C1 continuity in this paper. In addition, a C0 displacement functions has been also
derived to formulate the shear strain.2. Mathematical formulation
2.1. Reﬁned global-local higher-order shear deformation theory
To enhance the capability of the 1,2–3 global-local higher-order theory of Li and Liu (1997), we develop a
reﬁned version of global-local higher-order theory. In the present theory, the starting displacement ﬁeld can be
written as follows:ukðx; y; zÞ ¼ uGðx; y; zÞ þ ukLðx; y; zÞ þ u^kLðx; y; zÞ ð1aÞ
vkðx; y; zÞ ¼ vGðx; y; zÞ þ vkLðx; y; zÞ þ v^kLðx; y; zÞ ð1bÞ
wkðx; y; zÞ ¼ wGðx; y; zÞ ð1cÞwhere uG, vG and wG present global components of displacement expansion; ukL and v
k
L are of two-term local
groups; u^kL and v^
k
L are of one-term local group; the superscript k represents the layer order of laminated plates.
The global coordinates associated with the plate are x, y, z. The reference plane (z = 0) is taken at the mid-
plane of the laminate. The local coordinates for a layer are denoted by x, y, fk where 1 6 fk 6 1. The rela-
tions between global coordinates and local coordinates can be seen in Fig. 1.
These global components may be written asuGðx; y; zÞ ¼ u0ðx; yÞ þ zu1ðx; yÞ þ z2u2ðx; yÞ þ z3u3ðx; yÞ ð2aÞ
vGðx; y; zÞ ¼ v0ðx; yÞ þ zv1ðx; yÞ þ z2v2ðx; yÞ þ z3v3ðx; yÞ ð2bÞ
wGðx; y; zÞ ¼ w0ðx; yÞ þ zw1ðx; yÞ þ z2w2ðx; yÞ ð2cÞ
Fig. 1. Schematic ﬁgure for the laminated plate segment.
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continuity conditions of displacements as shown in Eqs. (4a)–(4d), the superﬂuous variables can be eliminated.
The local components can be written asukLðx; y; zÞ ¼ fkuk1ðx; yÞ þ f2kuk2ðx; yÞ ð3aÞ
vkLðx; y; zÞ ¼ fkvk1ðx; yÞ þ f2kvk2ðx; yÞ ð3bÞ
u^kLðx; y; zÞ ¼ f3kuk3ðx; yÞ ð3cÞ
v^kLðx; y; zÞ ¼ f3kvk3ðx; yÞ ð3dÞwherefk ¼ akz bk; ak ¼
2
zkþ1  zk ; bk ¼
zkþ1 þ zk
zkþ1  zk2.1.1. Displacement continuity conditions
There are 6n + 11 degrees of freedom in the above displacements. By enforcing displacement continuity
conditions proposed by X. Li and D. Liu, 4(n  1) degrees of freedom can be constrained. This especial con-
tinuity conditions can be expressed as follows:ukLðx; y; zkÞ ¼ uk1L ðx; y; zkÞ ð4aÞ
u^kLðx; y; zkÞ ¼ u^k1L ðx; y; zkÞ ð4bÞ
vkLðx; y; zkÞ ¼ vk1L ðx; y; zkÞ ð4cÞ
v^kLðx; y; zkÞ ¼ v^k1L ðx; y; zkÞ ð4dÞwhere k = 2, 3, 4, . . .,n.2.1.2. Interlaminar stress continuity conditions
Using linear strain–displacement relations and three-dimensional constitutive equations for cross-ply lam-
inated plates, the transverse shear stresses for the kth layer can be written asskxzðzÞ ¼ Q44kekxzðzÞ ð5aÞ
skyzðzÞ ¼ Q55kekyzðzÞ ð5bÞwhere Qijk are the transformed material constants for the kth layer; the transverse shear strains areekxzðzÞ ¼
ouk
oz
þ ow
k
ox
¼ ow0
ox
þ z ow1
ox
þ z2 ow2
ox
þ u1 þ 2zu2 þ 3z2u3 þ akuk1 þ 2akfkuk2 þ 3akf2kuk3 ð6aÞ
ekyzðzÞ ¼
ovk
oz
þ ow
k
oy
¼ ow0
oy
þ z ow1
oy
þ z2 ow2
oy
þ v1 þ 2zv2 þ 3z2v3 þ akvk1 þ 2akfkvk2 þ 3akf2kvk3 ð6bÞ
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(k  1)th layer, 2(n  1) degrees of freedom can be limited. The transverse shear stress continuity conditions
areskxzðzkÞ ¼ sk1xz ðzkÞ ð7aÞ
skyzðzkÞ ¼ sk1yz ðzkÞ ð7bÞwhere, zk has been deﬁned in Fig. 1. The above equations may be completely written as:uk1 ¼ ð2þ akÞuk11  2ð1þ akÞuk12  3ð1þ akÞuk13 þ bk
ow0
ox
þ z ow1
ox
þ z2 ow2
ox
þ u1 þ 2zku2 þ 3z2ku3
 
ð8aÞ
vk1 ¼ ð2þ 1kÞvk11  2ð1þ 1kÞvk12  3ð1þ 1kÞvk13 þ gk
ow0
oy
þ z ow1
oy
þ z2 ow2
oy
þ v1 þ 2zkv2 þ 3z2kv3
 
ð8bÞ
whereak ¼ Q44k1Q44k
ak1
ak
1k ¼
Q55k1
Q55k
ak1
ak
bk ¼ 1
Q44k1
Q44k
 
1
ak
gk ¼ 1
Q55k1
Q55k
 
1
akNow the number of total degrees of freedom is reduced to 17. The free conditions of the transverse shear
stresses on the upper and lower surfaces are employed, ﬁnally, and the number of the independent unknowns
is reduced from 17 to 13. The ﬁnal displacement models for cross-ply laminated plates areFig. 2. Mesh conﬁguration of 4 · 4.
Fig. 3. Element geometry.
Table
Bound
Bound
Simply
Symm
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vk ¼ v0 þ wk1ðzÞv11 þ wk2ðzÞv1 þ wk3ðzÞv2 þ wk4ðzÞv3 þ wk5w0;y þ wk6ðzÞw1;y þ wk7ðzÞw2;y
wk ¼ w0 þ zw1 þ z2w2
ð9Þwhere Uki and w
k
i are functions of material constants and thickness of laminated plate. The expression of U
k
i
and wki is given in Appendix.
2.2. Constitutive relations
The present developed higher-order theory considers the transverse normal strain ez, thus the constitutive
equations in material axes can be written asr ¼ Ce ð10Þ
in whichr ¼ rx ry rz sxz syz sxy½ T ð11Þ
e ¼ ex  axDT ey  ayDT ez  azDT cxz cyz cxy
 T ð12Þ
In the above formulation, r and e are the stress and strain vectors, respectively. C is the corresponding elas-
tic stiﬀness matrix, DT is the temperature rise and ax, ay and az are the corresponding linear thermal expansion
coeﬃcients in the direction of principal material axes.1
ary conditions
ary conditions x = constant y = constant
-supported boundary u0 ¼ v0 ¼ w0 ¼ w1 ¼ w2 ¼ v11 ¼ v1 ¼ v2 ¼
v3 ¼ w0;y ¼ w1;y ¼ w2;y ¼ 0
u0 ¼ v0 ¼ w0 ¼ w1 ¼ w2 ¼ u11 ¼ u1 ¼ u2
¼ u3 ¼ w0;x ¼ w1;x ¼ w2;x ¼ 0
etric axis u0 ¼ v0 ¼ u11 ¼ u1 ¼
u2 ¼ u3 ¼ w0;x ¼ w1;x ¼ w2;x ¼ 0
u0 ¼ v0 ¼ v11 ¼ v1 ¼ v2 ¼ v3 ¼ w0;y ¼ w1;y ¼ w2;y ¼ 0
Fig. 4. Convergence rate of transverse shear stress ðsxzÞ by using regular ﬁnite element meshes (a/b = 1, a/h = 4).
Fig. 5. Comparison of transverse shear stresses sxz from diﬀerent models (a/b = 1, a/h = 4).
Fig. 6. Comparison of transverse shear stresses sxz from diﬀerent models (a/b = 1, a/h = 10).
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The strain components in the higher-order shear deformation theory possess ﬁrst and second derivatives of
transverse displacement w, so it is necessary to construct C0 and C1 continuity transverse displacement func-
tions, respectively. Transverse displacement function wc satisfying C0 continuity condition is used to formulate
the shear strain ez, cxz and cyz, and C
1 continuity transverse displacement function w* is employed to derive the
in-plane strain components, namely ex, ey and cxy.3.1. The transverse displacement function wc satisfying C0 continuity condition
In order to start the formulation of C0 continuity displacement functions of the four-node quadrilateral
element with 12-DOF, it is necessary to deﬁne the initial transverse displacement function w as
Fig. 7. Comparison of transverse shear stresses sxz from diﬀerent models (b/a = 3, a/h = 4).
Fig. 8. Comparison of transverse shear stresses sxz from diﬀerent models (a/b = 1, a/h = 4) (Kim and Cho, 2006).
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X4
i¼1
Niwi þ
X8
j¼5
Njwj ð13Þwhere Ni is the shape function of the 8-node serendipity element in the isoparametric coordinates (n,g).
In order to obtain the 4-node quadrilateral element, the surplus parameters wj at the mid-node along the
element boundary can be eliminated by the use of the Hermite cubic polynomials.
For example, using the parameters hsi and wi at 1 and 2 nodes, the interpolation of the displacement ~ws can
be written as~ws ¼ ðL1 þ L1L2ðL1  L2ÞÞw1 þ ðL1L2 þ L1L2ðL1  L2ÞÞS1=2hS1 þ ðL2 þ L1L2ðL2  L1ÞÞw2
þ ðL1L2 þ L1L2ðL1  L2ÞÞS1=2hS2 ð14Þwhere hsi is the tangential slopes at the node i (i = 1, 2) on the boundary, S1 is the 1–2 boundary length, and
L1 ¼ 1 SL and L2 ¼ SL in which S is the coordinates along the boundary.
Fig. 9. Comparison of transverse shear stresses syz from diﬀerent models (a/b = 1, a/h = 4) (Kim and Cho, 2006).
Fig. 10. Comparison of in-plane stresses rx from diﬀerent models (a/b = 1, a/h = 20).
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hxj
hyj
 	
ðj ¼ 1; 2; 5Þ ð16Þwhere l, m are the direction cosines of the boundary.
Fig. 11. Comparison of transverse shear stresses sxz from diﬀerent models (a/b = 1, a/h = 20).
Table 2
Comparison of in-plane, transverse shear and transverse normal stresses from various models
0/90/0 0/90/0/90
rx sxz rz rx sxz rz
QLP19 (10 · 10) 15.50 1.374 0.4951 15.25 1.295 0.4954
LM4-Carrera and Ciuﬀreda (2005) 15.52 1.374 0.4987 15.02 1.293 0.4956
LM3-Carrera and Ciuﬀreda (2005) 15.35 1.374 0.4987 14.86 1.293 0.4985
LM2-Carrera and Ciuﬀreda (2005) 15.03 1.375 0.5250 14.86 1.294 0.5078
EMZC3-Carrera and Ciuﬀreda (2005) 15.71 1.358 0.4984 14.67 1.307 0.4938
EMZC2-Carrera and Ciuﬀreda (2005) 14.27 1.370 0.5096 11.02 1.356 0.5129
EMC4-Carrera and Ciuﬀreda (2005) 15.40 1.366 0.4968 15.21 1.305 0.4941
EMC3-Carrera and Ciuﬀreda (2005) 15.46 1.362 0.4983 14.13 1.324 0.4973
EMC2-Carrera and Ciuﬀreda (2005) 11.25 1.436 0.5309 10.15 1.373 0.5287
LD4-Carrera and Ciuﬀreda (2005) 15.52 1.374 0.4982 15.02 1.293 0.4955
LD3-Carrera and Ciuﬀreda (2005) 15.52 1.373 0.4982 15.02 1.293 0.4955
LD2-Carrera and Ciuﬀreda (2005) 15.33 1.357 0.4982 15.02 1.290 0.4954
EDZ3-Carrera and Ciuﬀreda (2005) 15.69 1.357 0.4973 14.70 1.307 0.4955
EDZ2-Carrera and Ciuﬀreda (2005) 14.28 1.367 0.4999 11.16 1.356 0.4953
ED4-Carrera and Ciuﬀreda (2005) 15.39 1.366 0.4977 15.05 1.307 0.4953
ED3-Carrera and Ciuﬀreda (2005) 15.51 1.360 0.4978 14.22 1.325 0.4959
ED2-Carrera and Ciuﬀreda (2005) 11.35 1.447 0.4977 10.80 1.375 0.4956
FSDT-Carrera and Ciuﬀreda (2005) 11.17 1.443 0.5000 12.22 1.402 0.5000
CLT-Carrera and Ciuﬀreda (2005) 13.48 1.691 0.5000 12.22 1.402 0.5000
3196 W. Zhen, C. Wanji / International Journal of Solids and Structures 44 (2007) 3187–3217Substituting Eq. (16) in Eq. (15), following equation can be obtainedw5 ¼ 0:5 0:125m1S1 0:125‘1S1 0:5 0:125m1S1 0:125‘ 1S1
 
w1
hx1
hy1
w2
hx2
hy2
8>>>><
>>>>>:
9>>>>=
>>>>>;
ð17Þ
Fig. 12. Comparison of transverse shear stresses sxz from diﬀerent models in the case of laminated plate under gradient temperature
(a/b = 1, a/h = 4).
Fig. 13. Comparison of transverse shear stresses sxz from diﬀerent models (a/b = 1, a/h = 20).
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(j = 1–4).
Substituting mid-node parameters wj (j = 5–8) into Eq. (13), ﬁnally, the explicit expression of the C
0 con-
tinuity displacement function can be expressed as follows:wc ¼ Fq ð18Þ
where, F ¼ ½ F i F xi F yi , q = {wi,wxi,wyi}T (i = 1–4) andF 1 ¼ 0:5ðm1N 5=S1  m4N 8=S4Þ þ N1
F x1 ¼ 0:125ðm21N 5 þ m24N 8Þ
F y1 ¼ 0:125ð‘1m1N 5 þ ‘4m4N 8Þ
Ni ¼
1
4
ð1þ nniÞð1þ ggiÞ; ði ¼ 1; 2; 3; 4Þ:
ð19ÞOther shape functions namely F i F xi F yi½  (i = 2–4) can be obtained by cyclic permutation.
Fig. 14. Comparison of transverse shear stresses syz from diﬀerent models (a/b = 1, a/h = 20).
Fig. 15. Comparison of transverse normal stresses rz from diﬀerent models in the case of laminated plate under gradient temperature
(a/b = 1, a/h = 4).
3198 W. Zhen, C. Wanji / International Journal of Solids and Structures 44 (2007) 3187–32173.2. The transverse displacement function w* satisfying C1 continuity condition
In order to present the transverse displacement function w* satisfying C1 continuity condition, the rotation
function of the discrete thin plate quadrilateral element DKQ (Batoz and Tahar, 1982) is adopted because
DKQ element is a C1-type thin plate element which satisﬁed both the C1-continuity requirement at the inter-
element boundaries in strict sense and continuity condition in the element in an average sense (Chen and Che-
ung, 1997).
The explicit expressions of the element rotations for bending strain of the element DKQ can be obtained as
follows:hx
hy
 	
¼ Nq ð20Þ
Fig. 16. Comparison of in-plane stresses rx from diﬀerent models (a/b = 1, a/h = 10).
Fig. 17. Comparison of in-plane stresses ry from diﬀerent models (a/b = 1, a/h = 10).
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P j P xj P yj
Qj Qxj Qyj
" #
ðj ¼ 1; 2; 3; 4Þ ð21ÞandP 1 ¼ 1:5ðm1N 5=S1  m4N 8=S4Þ
Px1 ¼ 0:75ðm21N 5 þ m24N 8Þ þ N1
Py1 ¼ 0:75ð‘1m1N 5 þ ‘4m4N 8Þ
Q1 ¼ 1:5ð‘1N 5=S1 þ ‘4N 8=S4Þ
Qx1 ¼ 0:75ð‘1m1N 5 þ ‘4m4N 8Þ
Qy1 ¼ 0:75ð‘21N 5 þ ‘24N 8Þ þ N1
ð22Þ
Fig. 18. Comparison of transverse shear stresses sxz from diﬀerent models (a/b = 1, a/h = 10).
Fig. 19. Comparison of transverse shear stresses syz from diﬀerent models (a/b = 1, a/h = 10).
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x212 þ y221
p ; m1 ¼ x12ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x212 þ y221
p ; ‘4 ¼ y14ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x241 þ y214
p ; m4 ¼ x14ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x241 þ y214
p
y21 = y2  y1, x12 = x1  x2, y14 = y1  y4, x41 = x4  x1, and xi,yi (i  1, 2, 4) are nodal coordinates.
The second derivatives of transverse displacement function w* satisfying C1 continuity condition can be
given by using the displacement function of DKQ element.o2w
ox2
¼ ohx
ox
ð23aÞ
o2w
oy2
¼ ohy
oy
ð23bÞ
Table 3
Transverse displacement and shear stress at the important point of a simply supported cross-ply laminated plate
L/h Matsunaga (2004) Mesh density
2 · 2 4 · 4 6 · 6 8 · 8
2-layer 5 wð0; 0; 0Þ 0.9969 0.9926 1.0054 1.0034 1.0025
sxzðL=2; 0; 0Þ 0.05363 0.07613 0.0561 0.0517 0.0503
10 wð0; 0; 0Þ 4.12 4.0094 4.1072 4.1121 4.1110
sxzðL=2; 0; 0Þ 0.02920 0.07025 0.03813 0.03183 0.02947
20 wð0; 0; 0Þ 16.60 15.0123 16.4678 16.5196 16.5294
sxzðL=2; 0; 0Þ 0.01494 0.08115 0.03353 0.02260 0.01875
3-layer 5 wð0; 0; 0Þ 0.5429 0.5277 0.5331 0.5334 0.5334
sxzðL=2; 0; 0Þ 0.06931 0.07018 0.06916 0.06893 0.06885
10 wð0; 0; 0Þ 1.840 1.7593 1.8061 1.8087 1.8094
sxzðL=2; 0; 0Þ 0.04535 0.04006 0.04428 0.04468 0.04482
20 wð0; 0; 0Þ 6.858 6.3770 6.7201 6.7449 6.7495
sxzðL=2; 0; 0Þ 0.02443 0.0110 0.02093 0.02293 0.02353
Fig. 20. Comparison of in-plane stresses rx from diﬀerent models (a/b = 1, a/h = 5).
Fig. 21. Comparison of in-plane stresses ry from diﬀerent models (a/b = 1, a/h = 5).
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Fig. 22. Comparison of transverse shear stresses sxz from diﬀerent models (a/b = 1, a/h = 5).
Fig. 23. Comparison of transverse shear stresses syz from diﬀerent models (a/b = 1, a/h = 5).
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oxoy
¼ 1
2
ohy
ox
þ ohx
oy
 
ð23cÞ3.3. The displacement functions of quadrilateral element
The primary displacement unknowns are expressed in terms of nodal variables and shape functions as
follows:U ¼
X4
i¼1
Ni U i
Fig. 24. Comparison of in-plane stresses rx from diﬀerent models (a/b = 1, a/h = 10).
Fig. 25. Comparison of in-plane stresses ry from diﬀerent models (a/b = 1, a/h = 10).
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X4
i¼1
ðF iw0;i þ F xiw0;xi þ F yiw0;yiÞ
w ¼
X4
i¼1
ðF i w0;i þ F xiw0;xi þ F yiw0;yiÞ ð24Þwhere, U ¼ ½ u0 v0 u11 u1 u2 u3 v11 v1 v2 v3 T.3.4. The strain matrix and stiﬀness matrix of four-node quadrilateral element
Based on linear strain–displacement relations, the strain for the kth layer can be written as follows:ek ¼ ouk ¼ B1 B2 B3 B4½ de ð25Þ
Fig. 26. Comparison of transverse shear stresses sxz from diﬀerent models (a/b = 1, a/h = 10).
Fig. 27. Comparison of transverse shear stresses syz from diﬀerent models (a/b = 1, a/h = 10).
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 
ði ¼ 1–4Þ
½o ¼
o
ox 0 0
o
oz 0
o
oy
0 ooy 0 0
o
oz
o
ox
0 0 ooz
o
ox
o
oy 0
2
664
3
775
TAccording to method in reference (Wu et al., 2005), the detailed expression of strain matrix can be
obtained.
Fig. 28. Comparison of in-plane stresses rx from diﬀerent models (a/b = 1, a/h = 20).
Fig. 29. Comparison of in-plane stresses ryfrom diﬀerent models (a/b = 1, a/h = 20).
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following equation, the element stiﬀness matrix Ke may be given:½Ke ¼
Xn
i¼1
Z i
i1
ð
Z Z
BTQiBdxdyÞdz ð26ÞOn the basis of the following equation, the vector of nodal displacement {de} may be obtained:X
½Kefdeg ¼ frg ð27Þwhere, {r} is loading vector.
After obtaining the vector of nodal displacement, the nodal stresses can be calculated by utilizing direct
constitutive equations.
Fig. 30. Comparison of transverse shear stresses sxz from diﬀerent models (a/b = 1, a/h = 20).
Fig. 31. Comparison of transverse shear stresses syz from diﬀerent models (a/b = 1, a/h = 20).
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The present higher-order theory neglects the continuity condition of transverse normal stress. Therefore it is
necessary to use the three-dimensional equilibrium equations to capture accurately transverse normal stress.
Among the available equilibrium equation approaches, the global equilibrium equations related to full
domain are usually adopted because this method is more accurate than the local equilibrium equation method,
however this approach is also rather expensive.
To decrease computational cost, the local equilibrium equation in one element is utilized herein, and the
formulation of transverse normal stress is expressed as follows:rz ¼ 
Z z
h2
osxz
ox
þ osyz
oy
 
dz ð28Þ
Fig. 32. Comparison of in-plane stresses rx from diﬀerent models (a/b = 1, a/h = 5).
Fig. 33. Comparison of in-plane stresses ry from diﬀerent models (a/b = 1, a/h = 5).
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5. Numerical examples
To assess the performance of present quadrilateral laminated plate element, some typical examples are pre-
sented herein. Taking advantage of the symmetry of geometry, material properties and loading conditions,
only one-quarter of the laminated plate has been considered. The mesh conﬁguration of 4 · 4 and element
geometry can be seen in Figs. 2 and 3, respectively. The material constants are given as follows:
Material (1) laminated plates (Carrera, 2005):EL=ET ¼ 25; GLT=ET ¼ 0:5; GTT=ET ¼ 0:2; vLT ¼ vTT ¼ 0:25; aL=aT ¼ 1125
Material (2) laminated plates (Carrera and Ciuﬀreda, 2005):EL=ET ¼ 30; GLT=ET ¼ 0:5; GTT=ET ¼ 0:35; vLT ¼ 0:3; vTT ¼ 0:49
Fig. 34. Comparison of transverse shear stresses sxz from diﬀerent models (a/b = 1, a/h = 5).
Fig. 35. Comparison of transverse shear stresses syz from diﬀerent models (a/b = 1, a/h = 5).
3208 W. Zhen, C. Wanji / International Journal of Solids and Structures 44 (2007) 3187–3217Material (3) laminated plates (Matsunaga, 2004):EL=ET ¼ 15; GLT=ET ¼ 0:5; GTT=ET ¼ 0:3356; vLT ¼ 0:3; vTT ¼ 0:49; ET ¼ 10 GPa;
aL=a0 ¼ 0:015; aT=a0 ¼ 1; a0 ¼ 106=KMaterial (4) sandwich plate (Kim and Cho, 2005)
Face sheets:EL ¼ 25 106 psi; ET ¼ 1 106 psi; GLT ¼ 0:5 106 psi; GTT ¼ 0:2 106 psi; vLT ¼ vTT ¼ 0:25Core material:EI ¼ 0:145 105 psi; ET ¼ EI psi; GII ¼ 0:58 104 psi; GTT ¼ GII psi; vII ¼ vTT ¼ 0:25
Fig. 36. Comparison of in-plane stresses rx from diﬀerent models (a/b = 1, a/h = 20).
Fig. 37. Comparison of in-plane stresses ryfrom diﬀerent models (a/b = 1, a/h = 20).
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materials, I and T denote the in-plane and transverse directions.
Carrera and Ciuﬀreda (2005) and Carrera (2005) have used a uniﬁed formulation to compare about 40 the-
ories for multilayered plates. These theories will be compared with present model, so the acronyms deﬁned by
Carrera and Ciuﬀreda have been simply explained as follows:
LMN – layerwise mixed theory based on Reissner’s Mixed variational theorem.
LDN – layerwise displacement theory based on Principle of Virtual Displacement.
EDN – equivalent single layer models based on Principle of Virtual Displacement.
EDZN – equivalent single layer models including zig-zag function.
EMN – equivalent single layer models based on Reissner’s Mixed variational theorem.
EMZN – equivalent single layer models including zig-zag function.
Fig. 38. Comparison of transverse shear stresses sxz from diﬀerent models (a/b = 1, a/h = 20).
Fig. 39. Comparison of transverse shear stresses syz from diﬀerent models (a/b = 1, a/h = 20).
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tinuity conditions.
in which, N denotes order N of the expansion in the z-thickness direction. The exhaustive illustration on acro-
nyms can be found in Carrera and Ciuﬀreda’s paper (2005).
Di Sciuva (CONST.), 1995: The results are from the cubic zig-zag model proposed by Di Sciuva, as is com-
puted directly from constitutive equations.
Di Sciuva (EQUIL.), 1995: The results are from the cubic zig-zag model proposed by Di Sciuva, as is com-
puted from equilibrium equations.
For all examples, QLP19 and QLP13 are the quadrilateral element based on the present model and Li and
Liu’s model (1997), respectively. However, Reddy (1984) denotes the present ﬁnite element solutions based on
Reddy’s theory (Reddy, 1984) are given by authors.
Fig. 40. Comparison of transverse shear stresses sxz from diﬀerent models (a/b = 1, a/h = 10).
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q = q0sin(px/a)sin(py/b), are analyzed.
Material constants are given according to material 1. The displacements and stresses are normalized as
follows:rx ¼ rx; ð0; 0; zÞh2=q0a2; sxz ¼ sxzða=2; 0; zÞh=q0a; rz ¼ rzð0; 0; zÞ=q0
For all of examples, a and b are the length and width of laminated plates, h is the thickness of lamination
and boundary conditions are presented in Table 1.
This plate problem is often chosen to assess the performance of higher-order theory. The same problem is
taken as the ﬁrst example in the present study to examine the capability of the proposed element. The mesh
sizes have been shown in all Figures and Tables. Fig. 4 shows that the convergence of the transverse shear
stresses with mesh reﬁnement is good. Firstly, the transverse shear stresses obtained from the present model
are compared with the exact solution of Pagano (1970) and with ﬁnite element results based on the cubic zig-
zag model (Di Sciuva, 1995) as shown in Fig. 5. It can be found that the present result agrees well with the
exact solution. In the cubic zig-zag model, however, the shear stresses obtained via the constitutive equations
are less accurate. To accurately obtain transverse shear stresses, the post-processing approach of integration of
equilibrium equation has to be adopted by Di Sciuva (1995). Subsequently, the normalized transverse shear
stresses of moderately thick plate (a/h = 10) are plotted in Fig. 6, which is also compared with those of other
theories. Thereinto, LM4 analysis leads to quasi 3D description of laminated plates, so LM4 almost coincides
with the elasticity solution. It is found that the present solutions agree well with LM4. However, the other
solutions are less accurate. In Fig. 6, it is also found that even LD4 also loses its capacity to accurately predict
transverse shear stresses without any postprocessing methods.
Subsequently case of rectangular laminated plate (b/a = 3, a/h = 4) is also considered to further assess the
present model. At the same time, the simple comparison on all models has been given in Fig. 7. Numerical
results show that present model can accurately predict the transverse stresses whereas equivalent single layer
models (EM4 and EMZC3 in Fig. 7) will encounter some diﬃculties to accurately compute transverse shear
stresses from directly assumed stress ﬁelds. In order to accurately predict transverse shear stresses, integration
of the 3D equilibrium equation has to be adopted (ED4–I and EDZC3-I in Fig. 7).
To further assess the present model, the sandwich plate subjected to mechanical loads has been also con-
sidered. For this case, the material constants have been chosen according to material 4. The acceptable solu-
tions have been obtained in Figs. 8–11. In addition, the square laminated plates with symmetrical (0/90/0) and
unsymmetrical (0/90/0/90) cross-ply laminate (Carrera and Ciuﬀreda, 2005) have been considered. The
Fig. 41. Comparison of transverse shear stresses syz from diﬀerent models (a/b = 1, a/h = 10).
Fig. 42. Comparison of transverse shear stresses sxz from diﬀerent models (a/b = 1, a/h = 20).
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shear and normal stresses have been compared in Table 2.
Example 2. The simply supported laminated plates, subjected to thermal loading of temperature gradient
DT ðx; y; zÞ ¼ 2T 0h z sinðpx=LÞ sinðpy=LÞ, are analyzed.
The obtained results are nondimensionalized as follows:ðrx; ry ; rz;sxz;syzÞ ¼ ðrxð0; 0; zÞ; ryð0; 0; zÞ; rzð0; 0; zÞ; sxzðL=2; 0; zÞ; syzð0; L=2; zÞÞ=ðaTT 0ETÞ
Firstly, material 1 is used in this case. There is a typical case of bending of laminated plated under temper-
ature gradient. The transverse shear stress distributions are compared in Fig. 12. Numerical results show that
diﬀerence between the QLP19 and QLP13 is unconspicuous in this case. Moreover, in Figs. 13 and 14, it is also
found that the QLP13 is almost the same as the QLP19 for the moderately thick plates. However, the inac-
curacy of other theories (EDZ3D, ED3D and EDZC3D) proposed by Carrera (2005) that discard transverse
Fig. 43. Comparison of transverse shear stresses syz from diﬀerent models (a/b = 1, a/h = 20).
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normal deformation eﬀect on the thermoelastic bending problems of laminated plates is unconspicuous. At
the same time, the transverse normal stresses are compared with other solutions in Fig. 15. It is been found
that the present solutions QLP19 agree well with exact solutions.
To verify the point of view of authors, the numerical cases proposed by Matsunaga (2004) have be also
considered. The material constants have been chosen according to material 3. Based on three-dimensional
elasticity theory, Matsunaga (2004) present the analytical solutions of laminated plates subjected to thermal
loading of temperature gradient. These analytical solutions are used as benchmark to assess the validity of the
present model. It may be observed from Figs. 16–19 that through-the-thickness variation of the present in-
plane and transverse stress components agree well with analytical solutions. In the mean time, convergence
of the nondimensionalized transverse displacements and shear stresses at the middle plane of plates are shown
in Table 3.
Example 3. The simply supported laminated plates, subjected to thermal loading of uniform temperature
DT(x,y,z) = T0sin(px/L)sin(py/L), are analyzed.
The material constants are given according to material 3. The nondimensionalized results are the same as
those for Example 2.
For simply supported unsymmetrical two-layer thick plates under uniform temperature, in-plane and trans-
verse shear stresses are presented in Figs. 20–23, respectively. Compared with three-dimensional solutions, the
present solutions QLP19 are quite acceptable even in the case of a thick laminated plate. However, the solu-
tions QLP13 are less accurate. When the laminated plates become thin, the solutions QLP13 are gradually
close to solutions QLP19 (see Figs. 24–31). For three-layer plate, the same phenomena can be found in Figs.
32–39. Therefore, a conclusion may be drawn that QLP13 is still suitable for analyzing the moderately thick
and thin laminated plates under uniform temperature. Figs. 40 and 43 present the proﬁles of transverse shear
stresses of four-layer plate, for L/h = 10 and 20. Here again, for unsymmetrical laminated composite plates, a
good agreement can be found between the present solutions QLP19 and three dimensional elasticity solutions
(see Figs. 41 and 42)
6. Conclusions
To analyze the laminated plate problems coupled bending and extension under thermo-mechanical loading,
a reﬁned global-local higher-order theory is presented, which assumes that transverse displacement is qua-
3214 W. Zhen, C. Wanji / International Journal of Solids and Structures 44 (2007) 3187–3217dratic along the thickness of laminates. The present theory satisﬁes transverse shear stresses continuity con-
ditions and transverse shear free conditions of upper and lower surfaces. Moreover, the total number of
degrees of freedom does not depend on the layers of laminated plate.
A quadrilateral element based on the present higher-order theory is also presented, which is tested numer-
ically with some problems including the composite laminated and sandwich plates subjected to thermal/
mechanical loading. The numerical results show that the transverse normal deformation eﬀect on the bending
problems of multilayered plates is unconspicuous. However, for the thick laminated plates under uniform tem-
perature, the global-local higher-order theory such as the 1,2–3 global-local higher-order theory by Li and Liu
discarding transverse normal deformation will lose the capability to accurately predict in-plane and transverse
shear stresses. Due to inaccurate in-plane stresses, it is diﬃcult to obtain the transverse shear stresses by inte-
gration of the 3D equilibrium equation.
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Appendix
Based on lower transverse shear free condition, the following equations can be obtained:ow0
ox þ z ow1ox þ z2 ow2ox þ u1 þ 2z1u2 þ 3z21u3 þ a1u11  2a1u12 þ 3a1u13 ¼ 0
ow0
oy þ z ow1oy þ z2 ow2oy þ v1 þ 2z1v2 þ 3z21v3 þ a1v11  2a1v12 þ 3a1v13 ¼ 0By eliminating the degrees of freedom u13 and v
1
3, u
k
1, u
k
2, u
k
3, v
k
1, v
k
2 and v
k
3 can be expressed asuk1 ¼ F k1u11 þ F k2u12 þ F k3u1 þ F k4u2 þ F k5u3 þ F k6
ow0
ox
þ F k7
ow1
ox
þ F k8
ow2
ox
uk2 ¼ Gk1u11 þ Gk2u12 þ Gk3u1 þ Gk4u2 þ Gk5u3 þ Gk6
ow0
ox
þ Gk7
ow1
ox
þ Gk8
ow2
ox
uk3 ¼ Hk1u11 þ Hk2u12 þ Hk3u1 þ Hk4u2 þ Hk5u3 þ Hk6
ow0
ox
þ Hk7
ow1
ox
þ Hk8
ow2
ox
vk1 ¼ Lk1v11 þ Lk2v12 þ Lk3v1 þ Lk4v2 þ Lk5v3 þ Lk6
ow0
oy
þ Lk7
ow1
oy
þ Lk8
ow2
oy
vk2 ¼ Mk1v11 þMk2v12 þMk3v1 þMk4v2 þMk5v3 þMk6
ow0
oy
þMk7
ow1
oy
þMk8
ow2
oy
vk3 ¼ Nk1v11 þ Nk2v12 þ Nk3v1 þ Nk4v2 þ Nk5v3 þ Nk6
ow0
oy
þ Nk7
ow1
oy
þ Nk8
ow2
oywhere, the coeﬃcients for k = 1 can be easily obtained:F 11 ¼ 1; F 12 ¼ F 13 ¼ F 14 ¼    F 18 ¼ 0; G12 ¼ 1; G11 ¼ G13 ¼ G14 ¼   G18 ¼ 0
L11 ¼ 1; L12 ¼ L13 ¼ L14 ¼    L18 ¼ 0; M12 ¼ 1; M11 ¼ M13 ¼ M14 ¼   M18 ¼ 0
H 11 ¼ 
1
3
; H 12 ¼
2
3
; H 13 ¼ 
1
3a1
; H 14 ¼ 
2z1
3a1
; H 15 ¼ 
z21
a1
; H 16 ¼ 
1
3a1
;
H 17 ¼ 
z1
3a1
; H 18 ¼ 
z21
3a1
N 11 ¼ 
1
3
; N 12 ¼
2
3
; N 13 ¼ 
1
3a1
; N 14 ¼ 
2z1
3a1
; N 15 ¼ 
z21
a1
; N 16 ¼ 
1
3a1
; N 17 ¼ 
z1
3a1
;
N 18 ¼ 
z21
3a1The coeﬃcients for k > 1 can be calculated from the following recursive equations:
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Lki ¼ ð2þ 1kÞLk1i  2ð1þ 1kÞMk1i  3ð1þ 1kÞNk1i þ SSi
Gki ¼ F ki þ F k1i þ Gk1i ;Mki ¼ Lki þ Lk1i þMk1i
Hki ¼ Hk1i ;Nki ¼ Nk1i i ¼ 1; 2; . . . 8; k ¼ 2; 3; . . . nwhereS01 ¼ S02 ¼ 0; S03 ¼ S06 ¼ bk; S04 ¼ 2zkbk;
S05 ¼ 3z2kbk; S07 ¼ zkbk; S08 ¼ z2kbk
SS1 ¼ SS2 ¼ 0; SS3 ¼ SS6 ¼ gk; SS4 ¼ 2zkgk;
SS5 ¼ 3z2kgk; SS7 ¼ zkgk; SS8 ¼ z2kgkBy using the upper transverse shear free condition,u12 ¼ A1u11 þ B1u1 þ C1u2 þ D1u3 þ E1
ow0
ox
þ F 1 ow1
ox
þ G1 ow2
ox
v12 ¼ A2v11 þ B2v1 þ C2v2 þ D2v3 þ E2
ow0
oy
þ F 2 ow1
oy
þ G2 ow2
oywhereA1 ¼ D1ð1Þ
D11
A2 ¼ D2ð1Þ
D22
B1 ¼ D1ð3Þ þ 1
D11
B2 ¼ D2ð3Þ þ 1
D22
C1 ¼ D1ð4Þ þ 2znþ1
D11
C2 ¼ D2ð4Þ þ 2znþ1
D22
D1 ¼ D1ð5Þ þ 3z
2
nþ1
D11
D2 ¼ D2ð5Þ þ 3z
2
nþ1
D22
E1 ¼ D1ð6Þ þ 1
D11
E2 ¼ D2ð6Þ þ 1
D22
F 1 ¼ D1ð7Þ þ znþ1
D11
F 2 ¼ D2ð7Þ þ znþ1
D22
G1 ¼ D1ð8Þ þ z
2
nþ1
D11
G2 ¼ D2ð8Þ þ z
2
nþ1
D22
D1ðiÞ ¼ anF ni þ 2anGni þ 3anHni ; D2ðiÞ ¼ anLni þ 2anMni þ 3anNni
D11 ¼ anF n2 þ 2anGn2 þ 3anHn2; D22 ¼ anLn8 þ 2anMn8 þ 3anNn8Finally, the coeﬃcients Uki and w
k
i can be obtained:Uki ¼ Rki fk þ Ski f2k þ T ki f3k þ Zi;Wki ¼ Oki fk þ Pki f2k þ Qki f3k þ ZZiwhereZ2 ¼ z; Z3 ¼ z2; Z4 ¼ z3; Zi ¼ 0 ði 6¼ 2; 3; 4Þ
ZZ2 ¼ z; ZZ3 ¼ z2; ZZ4 ¼ z3; ZZi ¼ 0 ði 6¼ 2; 3; 4Þ
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Rk2 ¼ F k3 þ F k2B1; Sk2 ¼ Gk3 þ Gk2B1; T k2 ¼ Hk3 þ Hk2B1
Rk3 ¼ F k4 þ F k2C1; Sk3 ¼ Gk4 þ Gk2C1; T k3 ¼ Hk4 þ Hk2C1
Rk4 ¼ F k5 þ F k2D1; Sk4 ¼ Gk5 þ Gk2D1; T k4 ¼ Hk5 þ Hk2D1
Rk5 ¼ F k6 þ F k2E1; Sk5 ¼ Gk6 þ Gk2E1; T k5 ¼ Hk6 þ Hk2E1
Rk6 ¼ F k7 þ F k2F 1; Sk6 ¼ Gk7 þ Gk2F 1; T k6 ¼ Hk7 þ Hk2F 1
Rk7 ¼ F k8 þ F k2G1; Sk7 ¼ Gk8 þ Gk2G1; T k7 ¼ Hk8 þ Hk2G1
Ok1 ¼ Lk1 þ Lk2A2; Pk1 ¼ Mk1 þMk2A2; Qk1 ¼ Nk1 þ Nk2A2
Ok2 ¼ Lk3 þ Lk2B2; Pk2 ¼ Mk3 þMk2B2; Qk2 ¼ Nk3 þ Nk2B2
Ok3 ¼ Lk4 þ Lk2C2; Pk3 ¼ Mk4 þMk2C2; Qk3 ¼ Nk4 þ Nk2C2
Ok4 ¼ Lk5 þ Lk2D2; Pk4 ¼ Mk5 þMk2D2; Qk4 ¼ Nk5 þ Nk2D2
Ok5 ¼ Lk6 þ Lk2E2; Pk5 ¼ Mk6 þMk2E2; Qk5 ¼ Nk6 þ Nk2E2
Ok6 ¼ Lk7 þ Lk2F 2; Pk6 ¼ Mk7 þMk2F 2; Qk6 ¼ Nk7 þ Nk2F 2
Ok7 ¼ Lk8 þ Lk2G2; Pk7 ¼ Mk8 þMk2G2; Qk7 ¼ Nk8 þ Nk2G2References
Ali, J.S.M., Bhaskar, Varadan, T.K., 1999. A new theory for accurate thermal/mechanical ﬂexural analysis of symmetric laminated plates.
Compos. Struct. 45, 227–232.
Batoz, J.L., Tahar, M.B., 1982. Evaluation of a new quadrilateral thin plate bending element. Int. J. Numer. Meth. Eng. 18, 1655–1677.
Bhaskar, K., Varadan, T.K., Ali, J.S.M., 1996. Thermoelastic solutions for orthotropic and anisotropic composite laminates. Composites:
Part B 27, 415–420.
Carrera, E., 1998. Mixed layer-wise models for multilayered plates analysis. Compos. Struct. 43, 57–70.
Carrera, E., 2001. Developments, ideas, and evaluations based upon Reissner’s Mixed Variational Theorem in the modeling of
multilayered plates and shells. Appl. Mech. Rev. 54 (4), 301–329.
Carrera, E., 2005. Transverse normal strain eﬀects on thermal stress analysis of homogeneous and layered plates. AIAA J. 43 (10), 2232–
2242.
Carrera, E., Ciuﬀreda, A., 2004. Closed-form solutions to assess multilayered-plate theories for various thermal stress problems. J.
Thermal Stresses 27, 1001–1031.
Carrera, E., Ciuﬀreda, A., 2005. A uniﬁed formulation to assess theories of multilayered plates for various bending problems. Compos.
Struct. 69, 271–293.
Carrera, E., Demasi, L., 2002. Classical and advanced multilayered plate elements based on PVD and RMVT. Part 2: Numerical
implementations. Int. J. Numer. Methods Eng. 55, 253–291.
Carrera, E., Kroplin, B., 1997. Zigzag and interlaminar equilibrium eﬀects in large-deﬂection and postbuckling analysis of multilayered
plates. Mech. Compos. Mater. Struct. 4, 69–94.
Chen, R.G., Chen, W.J., 2000. Higher-order shear deformation theory and triangular plate element based on global-local superposition.
Acta Mater. Compos. Sin. (in Chinese) 17 (3), 96–102.
Chen, Wanji, Cheung, Y.K., 1997. Reﬁned quadrilateral discrete Kirchhoﬀ thin plate bending element. Int. J. Numer. Methods Eng. 40,
3937–3953.
Cho, M., Jinho, Oh., 2003. Higher order zig-zag plate theory under thermo-electric- mechanical loads combined. Composites: Part B 34,
67–82.
Cho, M., Kim, J.S., 1997. Improved Mindlin plate stress analysis for laminated composite in ﬁnite element method. AIAA J. 35, 587–590.
Cho, M., Parmerter, R.R., 1993. Eﬃcient higher order plate theory for general lamination conﬁgurations. AIAA J. 31 (7), 1299–1308.
Di Sciuva, M., 1986. Bending, vibration and bucking of simply-supported thick multilayered orthotropic plates. An evaluation of a new
displacement model. J. Sound Vib. 105 (3), 425–442.
Di Sciuva, M., 1992. Multilayered anisotropic plate models with continuous interlaminar stress. Comput. Struct. 22, 149–167.
Di Sciuva, M., 1995. A third-order triangular multilayered plate ﬁnite element with continuous interlaminar stresses. Int. J. Numer.
Methods Eng. 38, 1–26.
Di Sciuva, M., Gherlone, M., 2003a. A global/local third-order Hermitian displacement ﬁeld with damaged interfaces and transverse
extensibility: analytical formulation. Compos. Struct. 59, 419–431.
Di Sciuva, M., Gherlone, M., 2003b. A global/local third-order Hermitian displacement ﬁeld with damaged interfaces and transverse
extensibility: FEM formulation. Compos. Struct. 59, 433–444.
W. Zhen, C. Wanji / International Journal of Solids and Structures 44 (2007) 3187–3217 3217He, J.F., 1995. Thermoelastic analysis of laminated plates including transverse shear deformation eﬀects. Compos. Struct. 30, 51–59.
Kapuria, S., Achary, G.G.S., 2004. An eﬃcient higher order ziazag theory for laminated plate subjected to thermal loading. Int. J. Solids
Struct. 41, 4661–4684.
Kapuria, S., Dumir, P.C., Ahmed, A., 2003. An eﬃcient higher-order zig-zag theory for composite and sandwich beams for thermal load.
Int. J. Solids Struct. 40 (24), 6613–6631.
Kim, J.S., Cho, M., 2005. Enhanced ﬁrst-order shear deformation theory for laminated and sandwich plates. J. Appl. Mech. 27, 809–817.
Kim, J.S., Cho, M., 2006. Enhanced modeling of laminated and sandwich plates via strain energy transformation. Compos. Sci. Tech. 66,
1575–1587.
Lee, K., Lee, S.W., 2003. A postprocessing approach to determine transverse stresses in geometrically nonlinear composite and sandwich
structures. J. Compos. Mater. 37 (24), 2207–2224.
Li, X.Y., Liu, D., 1997. Generalized laminate theories based on double superposition hypothesis. Int. J. Numer. Methods Eng. 40, 1197–
1212.
Locke, J.E., 1997. Thermomechanical stress analysis of inhomogeneous antisymmetric cross-ply laminates. Comput. Struct. 62, 25–34.
Lo, K.H., Christensen, R.M., Wu, E.M., 1977. A higher-order theory of plate deformation. Part II: laminated plates. J. Appl. Mech. 44,
669–676.
Matsunaga, H., 2004. A comparison between 2-D single-layer and 3-D layerwise theories for computing interlaminar stresses of laminated
composite and sandwich plates subjected to thermal loadings. Compos. Struct. 64, 161–177.
Nemrovskii, Y.V., 1972. On the theory of thermoelastic bending of reinforced shells and plates. Mech. Compos. Mat. 8, 750–759.
Noor, A.K., Burton, W.S., 1989. Assessment of shear deformation theories for multilayered composite plates. Appl. Mech. Rev. 41, 1–18.
Noor, A.K., Malik, M., 2000. An assessment of ﬁve modeling approaches for thermo-mechanical stress analysis of laminated composite
panels. Comput. Mech. 25, 43–58.
Noor, A.K., Burton, W.S., Bert, C.W., 1996. Computational model for sandwich panels and shells. Appl. Mech. Rev. 49, 155–199.
Pagano, N.J., 1970. Exact solutions for rectangular bi-directional composites. J. Compos. Mater. 4, 20–34.
Reddy, J.N., 1984. A simple higher-order theory for laminated composite plates. J. Appl. Mech. 51, 745–752.
Reddy, J.N., 1987. A reﬁned nonlinear theory of plates with transverse shear deformation. Int. J. Solids Struct. 20, 881–896.
Reddy, J.N., 1989. On reﬁned computational models of composite laminates. Int. J. Numer. Meth. Eng. 27, 361–382.
Reddy, J.N., Robbins, D.H., 1994. Theories and computational models for composite laminates. Appl. Mech. Rev. 47, 147–165.
Rohwer, K., Rolfes, R., Aparr, H., 2001. Higher-order theories for thermal stresses in layered plates. Int. J. Solids Struct. 38, 3673–3687.
Rolfes, R., Noor, A.K., Sparr, H., 1998. Evaluation of transverse thermal stresses in composite plates based on ﬁrst-order shear
deformation theory. Comput. Methods Appl. Mech. Eng. 167, 355–368.
Sze, K.Y., Ronggeng, Chen, Cheung, Y.K., 1998. Finite element model with continuous transverse shear stress for composite laminates in
cylindrical bending. Finite Element Anal. Des. 31, 153–164.
Toledano, A., Murakami, H., 1987. A composite plate theory for arbitrary laminated conﬁgurations. J. Appl. Mech. 54, 181–189.
Tungikar, V.B., Rao, K.M., 1994. Three-dimensional exact solution of thermal stresses in rectangular composite laminate. Compos.
Struct. 27, 419–430.
Whitney, J.M., Sun, C.T., 1973. A higher-order theory for extensional motion of laminated composites. J. Sound Vib. 30, 85–97.
Wu, Zhen, Chen, Wanji, 2006a. An eﬃcient higher-order theory and ﬁnite element for laminated plates subjected to thermal loading.
Compos. Struct. 73, 99–109.
Wu Zhen and Chen Wanji, 2006b. A study of global-local higher-order theory for laminated composite plates. Compos Struct, xx, xxx-
xxx.
Wu, Zhen, Chen, Ronggeng, Chen, Wanji, 2005. Reﬁned laminated composite plate element based on global-local higher-order shear
deformation theory. Compos. Struct. 70, 135–152.
Xioping, S., Liangxin, S., 1994. Thermo-mechanical buckling of laminated composite plates with higher order transverse shear
deformation. Comput. Struct. 53, 1–7.
Yang, P.C., Norris, C.H., Stavsky, Y., 1966. Elastic wave propagation in heterogenous plates. Int. J. Solids Struct. 2, 665–684.
